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Appendix B

Special Coordinate Systems

This appendix lists basic relations for some special orthogonal curvilinear coordi-
nate systems. Coordinates and base vectors are expressed in terms of the Carte-
sian system (z, y, z). In addition, physical stress and deformation components are
used.

B.1 Cylindrical Polar Coordinates

The geometry in shown in Fig. B.1.

Zy

Fig. B.1 Cylindrical polar coordinate system.
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Geometry:
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Differential operators:

= rcosb,

= rsinf,

Special Coordinate Systems

(z',2%,2%) = (r,0,2)

r = (22 +y?)1/?
0 = tan"(y/x)
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Spherical Polar Coordinates 385
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Fig. B.2 Spherical polar coordinate system.

Deformation gradient:
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B.2 Spherical Polar Coordinates

The geometry in shown in Fig. B.2.

Geometry:

(xlax2ax3) = (7‘,0, ¢)
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386 Special Coordinate Systems

T = rsinfcos¢
y = rsinfsing
= rcosf
g1 = egsinfcosd+eysinfsing +e,cosf =e,
g2 = r(ezcosfcos¢p+eycosfsing —e,sinf) =rey
gz = rsinf(—eysing+eycosd) =rsinfey
gin = 1, gog = 7”2, g3z = (rsin9)2
gll — 1, 922 — 7,—~2, 933 — (T‘ sin 0)-—2
i, = -, T'i; = —rsin®4
2, =T2% =r"1 T2, =—sinfcosd

M3, =T% =r"1 I} =T% =coth

Other I'}; = 0

Differential operators:

V—e .Q__’_e l_(.?_..'_e __1_2
T or b 50 d’rsinHBcb

S r29r \| or r2sin 6 96 0o r2sin?  9¢*
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Toroidal Coordinates 387

Equations of motion:

g¢™r 1867 1 96%
ar r 06 rsinf J¢

+% (26,7'7“ _ 6,99 . a_d)dw +&9r cot ¢) + f'r — p&r
as™° L1 85% L 96%°
or r 06 rsinf d¢
+% {2&T9 + 6% + (6% — 5%%) cot 9] +f = paf
6™ L1 86%? L1 ds%®
or r 06 rsing ¢
+%(2&“’5 +69 +26% cotf + f¢ = pa?
Deformation gradient:
r 1
o 1o 1 o
OR R 60 Rsin® 00
F _ o6 r 00 r 00
(eie;) = T=— =s5= ST A AR
OR R 0O Rsin© 0%
. inﬁg(é rsin&?_qé rsind %
"SR TR 90 Rsin©030 |

B.3 Toroidal Coordinates

Because of the complexity of some general expressions, only basic geometric
relations are listed below (see Fig. B.3).

(z*,2%2%) = (0, ¢)

z = (b+rcos¢)cosd
y = (b+rcos¢)sind
z = rsing
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388 Special Coordinate Systems
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Fig. B.3 Toroidal coordinate system.

g1 = cosgp(ezcosf+eysind) e, sing

g2 = (b+rcosg)(—e;sind+ eycosb)

gs = -—rsing(e;cosf+eysinf)+e,rcosd
gu = 1, g22 = (b+rcos¢)?, gss =7°
g'' = 1, g®=(btreosg)”?, P =r7?

T}, = —(b+rcos¢)cosd, Tl =—r
%, =T3 =(b+rcos¢) tcos¢p I33=T% =—(b+rcos¢g) 'rsing
Iy =T% =r" I3, = (b+rcosg)r sing

Other I‘fj =0
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